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Abstract

Computation of compressible flows at low Mach number is often performed by modifications of compressible flow solvers to the low Mach
number limit. In particular, time stepping schemes are used where a Poisson problem is solved for pressure updates. In this paper, we propos
a different approach for fast computation of stationary solutions. The discretization is made by bilinear and biquadratic finite elements with an
elaborated stabilization. It allows the analytical construction of the Jacobian for the whole coupled system. It is used in Newton iterations for
solving the nonlinear problems. No time stepping is needed for a wide class of stationary problems. Numerical computations of a benchmark
problem for natural convection show the accuracy of the presented method. Different kinds of discretization are compared quantitatively.

Furthermore, the aspect of local mesh refinement is addressed. The local refinement is controled by measuring the discretization error of
the sought quantity by posteriorierror estimates. This concept is based on solving an adjoint problem which enters in the error estimator
as weighting factors of local residuals.2002 Editions scientifiques et médicales Elsevier SAS. All rights reserved.

Keywords:Natural convection; Finite elements; Adaptivity; A posteriori error estimates

1. Introduction driven compressible flow with high temperature difference.

It is designed for measuring accuracy and performance of
In several problems arising in applications, a compress- solvers. More than twenty academical groups from Eu-

ible flow at low Mach number is considered, for instance in rope and the US participated as well as two commercial

free convection, laminar flames etc. In this case, the com- CFD companies. The discretization we are going to present,

pression is due to thermodynamical changes and not causediurned out to be one of the most accurate in this benchmark:

by hydrodynamics. This leads to numerical problems when only two other groups have submitted results with compara-

a purely ‘compressible solver’ is applied to this type of ble accuracy [6,7]. Since our approach is based on low-order

problems, because they usually determine the pressure by affinite elements (at most quadratic), multigrid methods can

algebraic equation. Therefore, several papers deal with ex-be used as efficient linear solver. The framework has been

tensions of compressible flow solvers to hydrodynamically already generalized to more complex equations, for instance

incompressible flows Choi and Merkle [1], or extensions to combustion problems, see [8—10].

of incompressible schemes to compressible flows Wessel- The equations describing flow of a fluid at low Mach

ing et al. [2,3] Issa [4] Sampaio and Moreira [5]. In the low number read as follows:

Mach number limit, the density is decoupled from the hy-

drodynamical pressure. ap

In this paper we develop an efficient numerical method 3~ + V- (pv) =0 (1)

for solving stationary compressible flows with high accu-

racy. The solver is validated by a benchmark problem re- 9(pv) SV (pv®V)+V T+ Vp—pg=—pog )

cently proposed by Le Quere and Paillere [6] for a heat- ¢

a(pT)
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+ V- (pvT) =V -VT) = fr 3)
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Nomenclature
All dimensional quantities are in S| units.
fr source term in the equation for temperature u = (p, v, T) solution vector
g gravitational force up = (pn, vn, Tp,) discrete solution vector
h mesh-size parameter v velocity
H" Sobolev space of degree X coordinate
I |dent!ty matrix Greek symbols
J functional )
(Nu)c  Nusselt number at the cold wall B convection
(NWp  Nusselt number at the hot walll 8p, 8y, 87 stabilization parameters
p hydrodynamic pressure & relative temperature difference
Dhs hydrostatic pressure Tout outflow part of the boundary
Pin thermodynamic pressure K thermal conductivity
Dot total pressure n viscosity
Pr Prandtl number Mo = u(Tp) viscosity at temperaturg,
R gas constant w* reference viscosity
Ra Raleight number £ computational domain
T temperature o density
To =(Th+Tc)/2 £0 reference density
T: temperature at the cold wall T stress tensor
Th temperature at the hot wall £,v%,¢ testfunctions

The velocity is denoted by, temperature byl', density
by p. The total pressurgtot is split into three parts,

prot(x, 1) = Pn(t) + phs(x) + p(x, 1)

The hydrodynamic pressure is simply denoted hyThe
hydrostatic pressureps is given by gravitationg and a
reference densityo,

and Paillere [6]. It is designed for investigating accuracy

and performance of low-Mach-number solvers. This paper
describes this benchmark; illustrates a method for computing
this kind of flow and summarizes the obtained results.

The outline of this paper is as follows. We begin in Sec-
tion 2 with a description of the considered benchmark prob-
lem. In Section 3, the discretization of the partial differen-
tial equations by stabilized finite elements of equal order for
where (g, x) denotes the scalar product of the vector of all components is described. Two different formulations are
gravitation ¢ and the coordinate. The thermodynamic  Presented. The solution algorithm is presented in the third
pressurePi is constant in space, and in open or unbounded section. The fourth section deals with the evaluation of out-
domains also independent of time. The stress temsisr put functionals in order to increase the accuracy of the com-
given by putation. Numerical results of the benchmark problem are
given in Section 6, illustrating the performance of the solver
and accuracy of the discretizations. We compare the solution
obtained with bilinear and biquadratic finite elements. The
aspect of adaptivity by local mesh refinement is addressed
in Section 7.

The finite element formulation to be presented can

This system is an approximation of the compressible be applied to ‘V_VO' and three-d|me_n3|c_)nal problems_ n
Navier-Stokes equations, because the hydrodynamic anGcomplex geometries. However, for validation, the numerical
hydrostatic parts of the pressure are neglected in the equatiof€SUlts presented here deal with a benchmark problem in
of state (4) which is justified at low Mach number. This is 2 Simple two-dimensional geometry. In order to emphasize
the thermodynamic pressure is several magnitudes biggesStabilization, and automatic mesh refinement), here, we
than pns+ p. Due to this simplification, acoustic waves are consider only the stationary setting. The generalization to
removed from the system. Recently, a benchmark problemthe far more realistic case of transient flows is the subject of
for this kind of flow has been proposed by Le Quere future work.

Phs(x) = po{g, x)

T 2
T=—uiVv+ (Vo) —é(V-v)I

The viscosityu and the coefficienk may depend off'. The
function f1 denotes a given right-hand side. The system (1)—
(4) has to be complemented with appropriate boundary
conditions, e.g., Dirichlet, Neumann or Robin conditions.
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2. Set up of the benchmark problem w(T)/ Pr, with constant Prandtl numbe@r. The right-hand
side f7 in (3) is zero. The exact values of the parameters are
The model consists of a natural convection flow with given in Table 1.
large temperature differences in a closed cag@ty= [0, 1], Furthermore, spatially uniform initial conditiofis= To,
see Fig. 1. It is the extension of an earlier comparison (de andv = 0 are imposed for initial time = 0 . This leads to
Vahl Davis and Jones [11]) of flow solvers for incompress- an additional unknown in the system: The thermodynamic
ible flow using the Boussinesq approximation. pressurePy in a bounded vessel is not any more a given

The characteristic model parameters are the Rayleighconstant but depends on the global temperature distribution,
numberRa and the non-dimensional temperature differ- pecause the initial mass,

ences,
P 1
2 0
Th — T, = [ podr="2 [ ~dx
Razprg@).h . mo /Po [
%) To Q 2
_Th_TC
_Th+Tc

The quantitiesop = p(To, Po) and uo = u(Tp) are density
and viscosity at a given reference temperatdie and
thermodynamic pressurgy. The parametes denotes the
relative temperature difference between the hot=0)
and cold wall ¢ = 1), given byT, = To(1 + ¢) and T =
To(1 — ¢), respectively. At the horizontal (isolated) walls
y =0 andy = 1, Neumann-type boundary conditions for
T are imposed. For the velocities, all boundaries are rigid
walls,v =0 onas2. Fig. 2 shows computed streamlines and
isolines of temperature for this benchmark problem.

For the viscosity model, two cases are considered: The
Sutherland’s law

T\?*T*+§
F) T+S

and, alternatively, constant viscosity7T) = u(To) = uo.
The heat conduction is given in both cases &y') =

n(T) = M*<

adiabatic / v =0

Np(up) = Cfr g—fds

Th:T0(1+€) ,Z—l:TO(l_F)
v=20 v=20

DL g FC

adiabatic / v =10
( L
X

Fig. 1. Configuration of the benchmark problem. Fig. 2. Streamlines (a) and isolines of temperature (bjRf@e= 107,

Table 1
Parameters for the benchmark problem

Tp =600 K T*=273K Py =101325 Pa §=1105K
u*=1.68-10"°2kgm1s1 Pr=0.71 e=06 R =287 Jkg 1kl
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Table 2 3. Discretization
Parameters for the test cases
Case Ra “ Reference Values We begin by setting the frame for a Galerkin finite ele-
(Nu)p P/Pg ment discretization. For notational simplicity, we consider
1 108 Constant 85978 0856338 the case that the computational domgirc R? is polygonal
2 1 Sutherland’s law $866 09244 (d = 2) or polyhedral in 3D { = 3). Extensions for curved
3 10/ Sutherland's law 1241 092263 boundaries are possible. By (£2), we denote the Lebesgue

space of square-integrable functions @n equipped with

. the inner product and norm
has to be conserved. Therefore, the thermodynamic pressure P

for the stationary solution is defined by (f.g) == /f(x)g(x)dx
2

1 1 \*t
Pin= P0< —dx)( —dx) 1/2
!TO !T </|f(x)|2dx)
2

In this benchmark problem, the quantities of interest are the
average Nusselt numbers at the hot and cold walisand The suggestive notatiofyf, g)p and| f|lo is used for the

I

I';, respectively, given by L? inner product and norm on a subgetc £2.
9T The variational formulation of (1)—(4) for the unknowns
(Nu)h:c/K—dx and u = (p,v,T) is obtained by multiplying the equations
; on by appropriate test vector functiongs = (£, ¢,y) and
h . . . . -
integrating oven?2. This leads us to introduce a semi-linear
aT
(Nu>c= /Ka— dx (5) forma('a ) by
n
Ie a(u, ) = (V~v—T*1v~VT,§)
c= 1" +(pv- Vv, ) = (7, V9) — (p.V - §)
noTo2¢e

for the unitsquare2. The sum of these averages is zero, h ‘ . | f th _
because of the Neumann-type conditions at the upper and de test u_nctlonsqo age elements of the space= 0 x
V4 x V, with Q = L4(£2) and the Sobolev spacg =

lower wall for T and the non-slip conditions for the . . . A
o P HX(£2), i.e., the space of functions witii? integrable
velocities, 0 . ' o .
generalized first derivatives. The weak formulation reads,

oT
(Nu)h+(Nu)c=c/</<8——,ov~n>dx ucuo+ X: a(u, @) =(f,¢) Vo € X (7)
n
X2, with Dirichlet dataug on (or parts of) the boundarys2.
Neumann-type boundary conditions are implicitly repre-
= C/('Ov VT = V- (cVT))dr =0 sented because of the partial integration of the diffusive
2 terms. Non-homogeneous Dirichlet boundary conditiofs

However, for discrete solutions, one expects an error which Nave to be explicitly imposed on the solution. The function
should converge to zero under mesh refinement. We will / = (0, —pog, /1) € L=(£2)" is the given right-hand side.
evaluate the relative difference for the discrete solutions, The density is considered as a variable coefficient depend-
given by ing on temperature according to (4). The space for the hydro-

dynamical pressure i52(£2). If Dirichlet conditions for the

(e):=1 {Nue velocity are imposed along the entire boundary, the hydro-
(Nu)n dynamical pressure is only defined modulo a constant and

Three test case of increasing difficulty are considered asthe corresponding pressure spaceds®)/R. If an outflow

listed in Table 2. Moreover, the reference solution [7] boundaryloyuis present, the partial integration of the pres-

determined by the organizers of the benchmark is given. SUre gradient imposes implicitly the 'natural’ outflow condi-

In case 3, the strongest boundary layers for temperaturet'on

and velocitigs occur. .This configuratiorj is very close to _Ma_v 4 pn=0 onloy

the non-stationary limit. Therefore, solving such problems on

with a pure stationary solver is not an easy task. Normally, On a discussion on this boundary condition, we refer to Hey-

time stepping is performed using several hundreds or evenwood, et al. [12]. However, in the benchmark configuration

thousands of time steps. Due to the discretization and thepresented above, no outflow condition is necessary.

fully coupled implicit solution process, presented later, we  Another possibility is a ‘conservative formulation’ where

are able to solve such problems by a few nonlinear iteration the convective fluxes are partially integrated. Instead of (6),

steps. one may consider the semi-linear fofrq, -) given by
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b(u, ) := —(pv, V&) — (v @ v+ 1, Vo) discrete semi-linear form we consider is defined by use of a
stabilization operato$ specified below,

—C(v, V¥) + (kVT, V) an(u, ) '=au,p)+ (Lu, Sp)s 9
For simplifying notation, we use here the mesh-dependent
+ / pv-n§dx + /(pv ® v) - n¢ dx L2 inner product for scalar functions
30 30
(u,v)s =Y Sk (u, )k
+C/v~nwdx (8) KeT,
892 with dependent vector-valued weightg depending on.

with the constanC := Pw/R. The arising boundary inte- 1 ne discretization of (7) is of the form

grals vanish if homogeneous Dirichlet conditions for the ve- y;, ¢ X;,: a,(un, @) = (f, @) + (f, Sp)s Yo € X3 (10)
locities are imposed on the whole boundary (closed vessel),
as in the benchmark problem described above. In this for-
mulation, no convective term arises in the equation for the
temperature.

Our discretization uses a conforming Galerkin finite L'[u]=P + Z
element method defined on quadrilateral (or hexahedral)
meshed;, = {K} on 2 ¢ R?, with cells denoted b . The
trial and test space$, C X consist of continuous, piecewise
polynomial vector functions (so-called,-elements) for all
unknowns,

. s 0 div 0
X ={on € C(2); onlx € (21} S=—P*=|: V B-V+V.uv 0 }
a-V 0 B-V+V -kV

The operatorsS is chosen as follows. We split the Frechét
derivative of L in the differential partP and a partZ
consisting of zero-order terms:

Whereas in Galerkin least-squares techniques, the stabiliza-
tion is chosen a® + Z, we choose the stabilizaton operator
as the negative adjoinf = — P*. Using the fact thapv is
solenoidal, this choice leads to the following operaior

where Q, is the space of (isoparametrig}linear (- = 1)
or d-quadratic £ = 2) polynomials ind space dimensions  With 8 = pv anda = —T ~1v. SinceS does not contain zero-

obtained by transformations of a fixed reference unitEell  order terms, the stabilization term vanishes on constants.
For a detailed description of this standard construction, seeThis is an important feature for a global conservation
Ciarlet [13] or Johnson [14]. property of the semi-linear forr, (-, -), as pointed out in

Eq. (7) includes as a special case the linear Stokes systemgletail in Section 5. Note, that the stabilization operafor
the discretization of which requires a certain stability condi- is the same for both semi-linear formag andby, since its
tion (so-called Babuska—Brezzi condition [15]) to be satis- definition is only based on the partial differential operdtor
fied. Itis well-known that the use of equal-order elements for By elementary calculus, this setting yields the following
velocity and pressure is ruled out in the standard Galerkin stabilization terms:
formulation. This limitation can be overcome for instance

by least-squares stabilization. Instead of directly discretiz- (Lu, S¢)s

ing equation (7), we introduce a stabilization term which = Z{%(V ‘v—a-VT,V-9¢) (11)
depends on the mesh-size The stabilization has to serve K

several purposes, the treatment of the stiff pressure-velocity + Sv(ﬂ -Vv—V . (uVv)+Vp—pg, Vs) (12)

coupling in the low-Mach number approximation, the stabi-

e ) | 4+ 8y(pv-Vv—=V - (uVv)+ Vp — pg,
lization of the advective terms, and finally the enhancement U( p—rs

of local mass conservation. The modification is done in a B-Vo+V-(uVe)) (13)
consistent way, i.e., the solution of the partial differential +87(B-VT =V - (kVT),
equation representing (1)—(4) satisfies also these stabilized B-Viy+V. (Kvw)) (14)
equations.

For the presentation of our stabilization, we write the +5T(ﬂ VT =V (VT),a- Vf)} (15)
considered system (1)—(4) of PDEs in operator form, We will discuss several of the terms arising above in order to

clarify this setting. The term (12) accomplished the pressure-

Lu=f ing velocity stabilization according to [16]. Here, the essential
u=ug ONJ part for stabilization is{(V p, V&)s acting like a Laplacian

on the pressure. The other terms in (12) are needed for
Following ideas of Hughes et al. [16] for the (incompress- consistency: They vanish for the exact solutioaf (1)—(4).
ible) Navier—Stokes equations, the stabilization is accom- The term (13) includes stabilization of the convective term in
plished by introducing additional least-squares terms in the the momentum equation by streamline diffusion [14]. Here,
continuity equation. We use a variant of this technique: The the essential part i§3 - Vv, 8 - V¢)s. The convective part
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in the equation for temperature is stabilized in the same Jacobian. This means, that these parameters are frozen at
way by the term(8 - VT, 8 - V)5 in (14). Hansbo and  the current discrete solutian,, while the derivatived /0T
Szepessy proposed in [17] for the (incompressible) Navier—andax /0T are assumed to be small.

Stokes equations a further stabilization tefvh- v, V - ¢)s, Each iteration step requires the solution of a linear system
in order to enforce mass conservation. Generalization to which represents the discretization of a linear partial differ-
compressible flows is obtained by the term in (11). The ential equation. Even in the case of mere diffusion expressed
convective part in the continuity equation due to density by the Laplacian operator, which is always part of our sys-
variations is stabilized byp - VT, - V&);s in (15). The tem, the inversion by a direct solver or by a simple itera-
stabilization parameter8x = &g - diag{s,, 8,, 67} form a tive scheme like the Conjugated Gradient Method (CG) is
diagonal matrix. They are chosen cell-wise, depending on prohibitive due to increasingly bad conditioning of the alge-
the balance between local convectyn = |pv|k,oc andthe  braic system under mesh refinement. We use the Generalized

diffusion parameterg andx«, according to Minimal Residual Method (GMRES), see Saad [19], with
5 — ﬂ28 preconditioning by a multigrid iteration organized as a V-
p—FK™ cycle, see Hackbusch [20]. The GMRES method is specially
_ h% suitable for non-symmetric and indefinite matrices. The use
"7 cw+ Brhi of a multigrid preconditioner makes the relevant condition
h% number independent of the number of grid points which is

or = ok + Brhr especially important on locally refined meshes.
T PRTK The meshes used in our computations have cells with
The choice of the constaid should depend on the order  ‘hanging nodes’ to facilitate local refinement and coarsen-

of the discretization. FoQ; elements, @ < 6o < 0.5 is ing, see Fig. 3. The unknowns corresponding to such irregu-
appropriate, buso can be chosen smaller for higher-order |5r nodes are eliminated from the system. For the evaluation
elements. Further, we set= 12 for 01, andc =50for Q> of integrals on the mesh cells the 4-point Gauss formula is
elements, according to Franca and Frey [18]. used. The design of multigrid algorithms on such meshes re-

quires some care. While the highest level consists of all un-
knows, the lower levels are obtained recursively by a global
4. Solver coarsening technique. For details of the implementation and
. comparisons to other multigrid techniques we refer to [21].
Many approaches for computing low-Mach-numberflow rqr smoothing, a defect correction iteration is used based on
are based on time-stepping and splitting techniques. Inpjock LU decomposition on each level of the hierarchical
those methods, each time step is splitted in several sub-yeqh The linear equations are solved up to a tolerance de-
steps, where sucessive velocity and pressure updates argymined by the convergence rate of the nonlinear residual.
performed. Usually, at least one Poisson problem has 10 gyateqies for specifying appropriate tolerances have been

be solved in order to get the pressure update. While eaChproposed by Kelley in [22]. The full algorithm is described
time step in splitting methodes may be relatively cheap, they in detail in [10].

often suffer when the nonlinearity becomes more important.

Then, many time steps are needed for reaching a stationary

solution. isopar{1, z,y, xy}
Therefore, we propose a different approach. The whole

system is solved in a fully coupled and implicit manner

by a Newton-type method. The approximate Jacobian is

derived from an analytical derivative of the variational

system (10), for simplicity neglecting the-dependence

in the stabilization parameteBx. Furthermore, also the

variation of the coefficientg. and « is neglected in the Fig. 3. Quadrilateral mesh in 2D with *hanging node’.

=4 [=3 =2 I=1

Fig. 4. Sequence of meshes for the multigrid solver.
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5. Evaluation of boundary functionals

In this section, we discuss the numerical evaluation of the
averaged Nusselt number

J(u):/Kgds
on

r

(16)

over a part of the boundary” C 3£2. In principle, the
boundary integral (16) could be evaluated exactly for the
discrete temperaturg, since it is a finite element function.
This method would be for piecewise bilinear elements
only of first order. Therefore, we present a more precise
computation which is for bilinear finite elements of second
order. We refer to Giles et al. [23] and the literature therein
for a similar technique for the computation of the drag
coefficient of an incompressible flow.

We denote byp C 352 that part of the boundary, where
Dirichlet conditions forT are imposed. We chose a test
functionz = (0,0, ) whereyy =1onl"NIp andy =0
onl'p\ (I'"NTIp).Notice that; ¢ X. Sinceu is the solution
of the continuous problem, the residual respeecttiarns out
to be

a(us Z) - (fv Z)
= (pv-VT,¥)+ VT, V) — (fr,¥)

=(pv-VT—V~(KVT)—fT,Iﬂ)+/K2—Zlﬂds
r
= J(u)

Therefore, we obtain the alternative presentation

Jw)=au,z) - (f.2)

for an arbitrary test function with setting on the boundary
as described above. Analogous, we define the functignal
for discrete solutions;, by use of the semi-linear form,,

In(up) = ap(up, zn) — (f,zn) — (f. Szn)s (18)

where the discretg, has the same boundary valuezaghis
means from the practical point of view, that evaluation of
Jyn(up) can be realized by only one residual evaluation with
an appropriate test functiog),. This definition of J;, (u;,)
does not depend on the specific choicegnfsince for two
discrete test functions, = (0,0, y*), i = 1,2, with ¢! =
y2=1onI'NTIp,andyl=y2=00n802\ (I"NTIp),
there holdsp := z,% — z,% € X;,. As a consequence,can be
inserted in (10).

17)
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This reflects the energy conservation in the system. For the
practical evaluation of (18), one chooses the constant test
function z;, = (0,0,1) on £2. The stabilization termSz,
vanishes in this case, since it involves only derivatives of
zn. We apply this way of functional evaluation to the two
stabilized semi-linear forms;, and b, described in the
previous section, and denote the resulting quantitied by
andJj, respecively. There holds

Jp(up) = b(uh,Zh)=—/deX=J(u)
2

Ja(up) = alup, zn) =/(pvh -VTh — fr)dx
2

J(u)+fpvh~VThdx
2

From these identities, we deduce that the scheme based
on (8) conserves the global Nusselt number, while the use of
the semi-linear fornay, lacks such a property. The numerical
results presented later will confirm this result.

An error analysis using a duality argument gives the
following estimate

|J ) — Jn(up)| < |a'[ul(e, €)| + R(e)

wheree := u — u;, denotes the discretization errar,:=

z — ipz the interpolation error of the solution of an
corresponding dual problem (see Section 7), &@)
a remainder term of order @). The expression:’[u]
denotes the Frechét derivative of the semi-linear fofm-)
at the solutionu. For Q1 elements, sufficiently regular
solutions, i.e.u, z € H%(§2), and an uniform mesh size
the asymptotic bound for the main part is

|d'lul(e, &)| < Ch?|ulalzl2

with the H? norm| - |». For quadratic finite element3;, the
error|J (u) — Jy,(up,)| will be even of order @1%).

6. Numerical results

Now we report on the results obtained for the benchmark
problem presented in Section 2. We investigate three types
of discretization using formulations according to (6) and (8)
as listed in Table 3. The quantities of interest are the
average Nusselt numbers, the relative error and the change
of thermodynamic pressure relative to the initial pressure
Py for the proposed discretizations of the semilinear forms

In the case of homogeneous boundary conditions for the a(-, -) andb(:, -).

velocities andl” = I'p, the functional (16) can be written
as a integral of the right-hand sidg& as follows: We may
chooseyr = 1 and obtain

J(w) = (pv-VT — fr,9)

- /pv~anx—Q/dex=—Q/dex

882

Table 3
Three investigated types of discretizations

Element Formulation
Discr | 01 Non-conservativey, (-, -)
Discr Il 01 Conservativey, (-, -)
Discr IlI 02 Conservative, (-, -)
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Table 4
Semilinear formyy, (-, -) with Q41 elements for Case 1
#dof Discr | Discr Il
(Nu)p (Nuc (e) P/Py (Nu)p P/Pg
1156 9.08551 —8.09644 1.09e1l 0.853062 8390848 B3557155
4356 9.02496 —8.61103 4.59e2 0.857608 &408160 (86185000
16 900 8.91595 —8.79795 1.32e2 0.856444 8233059 (85853977
66 564 8.87970 —8.84576 3.82e3 0.856270 8516398 (B5689606
264196 8.86590 —8.85667 1.04e3 0.856298 8580892 (B5646566
1052676 8.86147 —8.85907 2.72e4 0.856324 8594183 (B5636724
4202500 8.86022 —8.85960 6.93e5 0.856334 8596967 (85634487
extrapolated 8.85979 —8.85979 0 0.856337 .85978 0856337

These numerical computations are performed in order Table 5
to test the discretization on an equidistant tensor mesh.Semilinear formg, (-, ) with Q1 elements for Case 2

Better values for the Nusselt number can be obtained  #dof Discr |

by adjusting the underlying coarsest mesh in order to (Nuyp (Nu)¢ (e) P/P
resolve the boundary layers more accurately. Furthermore, 1156 0.33273  —8.21159 1.20e1 0.900862
as addressed in the last section, local mesh refinement will 4356 9.21050  —8.33739 9.48e2 0.931489
increase the performance (relationsship between error and 16900 8.87338  —8.58009 3.3le2 0.927150
computational cost #dof) substantially. 66564  8.74806 865797  1.03e2  0.925258
264196 8.70491  —8.67965 2.89e3 0.924663
_ . 1052676 8.69161  —8.68495 7.66e4 0.924524
6.1. Reference solution for constant coefficients: Case 1 4202500 8.68790 —8.68619 1.96e4 0.924495
extrapolated 8.68663 —8.68663 0 0.924485

In Table 4, the results for the formulation basedXscr |
and Discr 1l (Q1 elements) in dependence of the number
. " Table 6
of degrees of freedom (#dof) are given. All quantities gg iinear formby (-, -) with 01 and 0, elements for Case 2
converge with second order in the mesh sizeHowever,

. . . #dof Discr I Discr Il

for Discr | there is still the expected gap betwg@u)y, and

(Nu)c due to the non-conservative formulation. The relative (NWn P/Po (NWn P/Po

difference behaves like @?). The extrapolated value is 4356 85634737  0.92994689  8.5086302  0.93899719
. . ) , . 16900 8.6156824  0.92894797  8.6474278  0.92767292

obtained on the basis of the solutions of the two finest grids.

. ) o s 66564 8.6655591  0.92590062 8.6820791  0.92488610
For the ‘conservative formulatioiscr Il (andDiscr Il), 264196 8.6814607 092484334 8.6862850  0.92453102

the absolute value of the two averaged Nusselt numbers 1052676 8.6854006 0.92457115 8.6866173  0.92449122
a|ong the hot and cold wall is the same up to (machine) 4202500 8.6863068  0.92450708  8.6866015  0.92448762
truncation error 108. Therefore, we presented only the ©xiapolated 8.6866089 092448572 8.6866005 0.92448762

results for(Nu)p. Comparison between both formulations

shows that they converge to the same quantities for thejmproved can be obtained by the use @ elements. It

Nusselt numbers and the quotight Po. Beside the factthat  can be seen in Table 6, that the order of the method with

Discr Il conserves the overall Nusselt number, both variants polynomials of second order gives accuracy in the Nusselt

do not show substantial differences. number of order @:%), resulting in a more reliable solution.
The organizing commitee determined the Nusselt num-  The organizer of the benchmark states the reference value

bers up to 6 decimals as for the Nusselt number up to 5 digits as

(Nuyh = —(Nu)c = 8.85978 (Nu)h = 8.6866 P/Py=0.9244

see [6] and [7]. The official reference pressurePisPy =
0.856337. Our obtained values in Table 4 agree extremely
well with these reference values.

6.3. Reference solution for variable coefficients: Case 3

The results for the most delicate case of Rayleigh number
107 are given in Tables 7 and 8. The official reference values

6.2. Reference solution for variable coefficients: Case 2 are

In the case of variable coefficient given by Sutherland’s (Nun=16.241 P/Py=0.92263
law, the conservative formulation is also advantageous for The performance of the three types of discretization are
determination of the Nusselt number, see Tables 5 and 6.similar to Case 2: The conservative formulation with
The thermodynamical pressufeis captured with the same  elements converges with orde(/) in the Nusselt number.
accuracy by both formulations. In this case, substantial The pressure is obtained with accuracy of at lea@®
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Table 7 Table 9
Semilinear formyy, (-, -) with Q41 elements for Case 3 Convergence record foQ, elements Discr 1). Columns left to right:
e - degrees of freedom (#dof), nonlinear convergence rale rfonlinear
of Discr | . : . . .
iterations, number of used Jacobians, linear convergence rate, linear
(Nun (Nue (e) P/Pg iterations/nonlinear step
4356 17.5800 —14.9106 1.52e1 0.929152 #dof Nonlinear Linear
16 900 17.0268 —15.6505 8.08e2 0.932336 - - -
66564 16.5194 _16.0793 26662 0.925433 0 Iterations Jacobians Rate Iterations
264 196 16.3345 —16.2000 8.14e3 0.923354 Case 1
1052676 16.2697 —16.2315 2.35e3 0.922782 1156 024 14 9 0.303 50
4202500 16.2491 —16.2389 6.27e4 0.922661 4356 017 12 7 0.123 28
16 900 017 12 7 0.137 2.8
66 564 003 6 3 0.100 2.7
Table 8 264196 001 4 1 0.052 2.0
Semilinear formby, (-, -) with @1 and 0, elements for Case 3 1052676 <001 3 1 0.042 2.3
4202500 <0.01 3 1 0.012 1.7
#dof Discr I Discr Il
Nuj P/P (Nu) P/P Case2
(NWn 9 h 9 1156 037 19 17 0.256 5.1
4356 14.680692  0.95142424  14.773900  0.96438500 4356 030 16 10 0.182 34
16900 15916378 0.93352524  15.911297  0.93749682 16900 023 14 9 0.178 3.2
66564  16.114378  0.92760636 16.181554  0.92552776 66564 013 10 3 0.115 28
264196  16.206343  0.92408765  16.234209  0.92300012 554196 010 8 1 0.073 20
1052676  16.232851  0.92299167 16.240524  0.92267494 1052676 w9 ) 1 0.026 20
4202500 16.239162  0.92271702 16.241026 0.92263807 4202500 w7 7 1 0.012 18
extrapolated 16.241266  0.92262547 16.241076  0.92263570 (02) 0.11 9 4 0.139 30
Case 3
1156 062 20 20 0.383 7.5
6.4. Performance of the solver 1356 021 12 7 0.366 59
16 900 017 11 2 0.389 4.7
In Table 9, we show the convergence rates in the solver 66564 015 10 4 0.166 35
for computations on globally refined meshes wifscr | 264196 010 8 1 0.106 26
1052676 9 8 1 0.036 2.0

(Q1 elements). The second column includes the convergence
rate o of the nonlinear iteration. For a reduction of the
residual by the factor of #§, the number of needed The CPU time needed with a Pentium Ill, 1 GHZ, is with
iterations is given in the third column. Furthermore, the (; elementsin Case 2 for computing the stationary solution
number of assembled Jacobians is given. Instead of buildingand evaluating the functionals as follows: for 16 900 degrees
the Jacobian in each nonlinear step, it is kept if the reduction of freedom 20 s, for 66564 dof's 73 s, for 264196 dof’s
of the residual of the previous step is better than a factor 200 s and for 1052 676 dof's 840 s. The other cases show
of 0.2. The fourth column shows the reduction rate of the very similar computing times.

linear solve in the last nonlinear step. The average number

of linear iterations in each nonlinear step is given in the last

column. In each iteration, two pre- and two post-smoothing 7. Adaptive local refinement

steps are performed.

Under mesh refinement, the number of Newton steps  Adaptive mesh refinementis well known to be an efficient
needed decreases significantly. On the finer meshes betweemethod to increase the accuracy of the discrete solution with
1 and 4 million unknowns, only one Jacobian is assembled respect to the number of degrees of freedom. In order to
for reducing the residual by 10 digits. This can be observed facilitate local mesh refinement and coarsening, we allow
in all three test cases. The linear convergence benefits alsahe cells in the refinement zone to have nodes which lie
from mesh refinement, leading to reduction rates of about on faces of neighboring cells, see Fig. 3. But not more
0.1. On the finest mesh, only two multigrid iterations are than two of such ‘hanging nodes’ are allowed per cell. The
necessary for reducing the linear residual by a factor@f 0 degrees of freedom corresponding to these irregular nodes
This behavior is due to the fact that the arising matrices are eliminated from the system enforcing global conformity
become more and more definite, while the multigrid solver (i.e., continuity across inter-element boundaries) for the
is independent of the condition number. finite element functions. In the case> 2, several degrees

For comparisons, we included in Table 9 the correspond- of freedom on ‘hanging edges’ have to be eliminated.
ing values forQ, elements on a mesh with 263169 nodes  The efficiency of local mesh refinement strongly de-
(about 4 million unknowns) for Case 2. In order to achieve pends on the refinement strategy and the information about
similarly robust convergence, we increased the effort in the discretization errors. Thea posteriori error estimates
multigrid cycle to 8 pre- and 8 post-smoothing steps. based on weighted residuals, introduced by Becker and
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Rannacher [24], has already been successfully applied toTable 10
various kinds of PDEs: Navier—Stokes [25], combustion Nusselt numbers for locally refined meshes obtained by the weighted
problems [8,9] and elasto-plasticity [26]. Before applying "esidual estimator

this technique to the considered benchmark problem, we #dof o
shortly recall the estimator for the error in the average Nus- (Nuje llell
selt number. 4356 —8.74077601 1.190040e01
According to (5), the average Nusselt number can be 5868 —8.838733 2.1047006e02
considered as the functional 7980 —8.86380117 4.021166€03
10964 —8.86567601 5.896010€03
T =c / AT 14660 —8.86133434 1554339603
an 19268 —8.86864399 8.863992¢03
It 25708 —8.86612266 6.342663€03
We employ a ‘duality argument’ as common in the error 34118 ~8.8629288 3148805603
44828 —8.86428314 4503139603
analysis for finite element Galerkin methods. The functional sg748 _8.86427399 4.493989€03
J () (respectively its linearization) is taken as ‘forcing term’ 76508 —8.86365736 3.877358e03
in a ‘dual problem’ governed by the linearized adjoint 100188 —8.86254482 2.764818€03
operatorL’*. This operator was already introduced for the 81052 —8.86168738 1.907378€03
- N 170436 —8.86073673 9.567350604
definition of the stabilization. The dual problem was already
used for the error analysis of the functional evaluation in 8.95
Section 5. From the solution of this dual problem, we derive ST reference value
the weights which describe the contribution of the local sl gioba refinement -+~ |
cell-residuals to the error quantity/ (u) — J(up)|. This o
information is then used for quantitative error control and é I <X K X i SR ; .
as a criterion for local mesh refinement as described before. 2z X T
The whole process may be viewed as a sensitivity analysis of ‘g a8 | * |
the given continuous model with respect to the perturbations § i
induced by the finite element discretization. The key for
the efficiency of the resulting a posteriori error estimates is 875 & i
the so-called ‘Galerkin orthogonality’ inherent to the finite , . ,
element approach, i.e., the orthogonality of the variational 8.7 10000 100000 16406
residual to the discrete test space. #dof

Here, we assumé(-) to be linear, although in the case
of the Nusselt number we have a weak nonlinearity if the
coefficientx varies with temperature. However, the whole
approach can be extended to nonlinear functionals, see

: . . L wyk . Since the system (1)—(4) is too complex for deriving
[Si‘:]]érgjggn ?ﬁﬁgfﬁg;ﬁg?g::ﬁhty of the finite element analytically upper bounds for the dual solutipnwe need a

numerical approximation. This can be done by formulating

Fig. 5. Convergence of the Nusselt number for tensor meshes and locally
refined meshes.

|J(u) _ J(uh)| a ‘perturbed_’ di_screte dgal problem. A(_:cordingly, we segk
zn € Xj, satisfying the linear system given by the Frechét
<Ny = Z {ok (0k + ok 5) + 0ok Wik } (19) derivativesa) [u;] of the semi-linear formsy, previously
KeT, defined:
can be derived, see [8]. This a posteriori error estimator allupl(@.zn) = J(¢) Ve € X, (20)

contains cell-residuals
Since this equation is linear, the computational cost of its

ok == Ilf — Lunlk solution relates to the cost of one Newton step in solving
ok :=h}l/2|| [3nL“h]||3K the primal problem. We note that the solution of the dual
problem on the same mesh and by the same method as
and weights used for the primal problem is not mandatory. One may
use a coarser mesh to save computational cost or even
ok =z —znllx employ another (possibly higher-oder) discretization to get
wk.s =38k | S@—zn)| ¢ the weights with enhanced accuracy. In our computations,

the dual solution is always computed by the same method as
used for the primal problem.

The cell residual termgx and gyx depend only on the Having computed an approximation to the exact dual
discrete solutionu, and can be easily evaluated. The solutionz, the weightsog given by (20) can be determined
situation is different for the weighting termasx , wx s and in different ways, see [25]. We approximate the weights

—1/2
wik =hg "z — znllox
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T

Fig. 6. Locally refined meshes for optimal computation @) c.

by second-order difference quotients of the discrete dual [7] P. Le Quere, Private communication, 2000.
solutionzy, € Vj: [8] R. Becker, M. Braack, R. Rannacher, Numerical simulation of laminar

5 5 - 3102 flames at low mach number with adaptive finite elements, Combust.
< Ch% || V%z||  ~ @k = Chy |Vizn(xk)| (21) Theory Modelling 3 (1999) 503-534.
with xx the center point ofk, an interpolation constant [9] M. Braack, An adaptive finite element method for reactive flow
. 2 . . problems, Dissertation, Universitat Heidelberg, 1998.
C ~ 0.1 independent ofig, where V<z is the Hessian

; d v2 itable diff . . [10] M. Braack, R. Rannacher, Adaptive finite element methods for low-
of z and Vjz, a suitable difference approximation. An mach-number flows with chemical reactions, in: H. Deconinck (Ed.),

analogous technique is used in evaluating the two other types  30th Computational Fluid Dynamics, Lecture Series, Vol. 1999-03,
of weightswy x andwg s in (19). von Karman Institute for Fluid Dynamics, 1999, pp. 1-93.

Now, we apply local mesh refinement on the basis of this [11] G. de Vahl Davis, I.P. Jones, Natural convection in a square cavity—
error estimator. In Table 10, we list the obtained Nusselt /2*2?025;”30” exercise, Internat. J. Numer. Methods Fluids 3 (1983)
numbers for Case 1 and the discretizatdiscr Il. Com- e .y .

arisons with the previous documented tensor-arid meshes[12] J.G. Heywood, R. Rannacher, S. Turek, Atrtificial boundaries flux and
p ) p . g pressure conditions for the incompressible Navier—Stokes equations
show a substantial improvement, see Fig. 5. For an accuracy  nterat. J. Numer. Math. Fluids 22 (1992) 325-352.
of 1%, we need only about 8 000 degrees of freedom, instead[13] p.G. Ciarlet, Finite Element Methods for Elliptic Problems, North-

of 66 564 on a globally refined mesh (see Table 4). Finally, Holland, Amsterdam, 1978.

we show several locally refined meshes in Fig. 6. [14] C. Johnson, Numerical Solution of Partial Differential Equations by
the Finite Element Method, Cambridge University Press, Cambridge,
1987.
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